OljeHKH MHCJia C06CTBeHHbIX 3HaHeHHH a6CTpaKTHbIX H 

,a,H(pcpepeHi],Hajii>Hi>ix onepaTop-cpyHKijHH 

A. A. BjiaflHMHpoB 

Ahhotauhj?. B CTaTbe paccMaTpnBaeTca onepaTop-cpyHKHiia ^(A), A G (c,t) C R, 
3HaieHHSMH KOTopoft aBjiaicrca nojiyorpaHH^eHHbie caMOConpaaceHHbie onepaTopbi npocTpaHCTBa 
$j. flpa Hiicjia Mp{ct,P) co6cTBeHHbix 3HaMeHiiH TaKoii onepaTop-<pyHKnini Ha nanyHHTepBajie 
[a, (3) (s (a, t) ycTaHaBJiiiBaiOTca oneHKH BHfla Afp(a,0) ^ vf((3) — vf(cx) h paBeHCTBa BHfla 
Mf{o.,I3) = vf{I3) — vf{q), rfle v(£,) ecrb hhcjio OTpHH,aTe.nbHbix co6cTBeHHbix 3HaMeHiifi onepaTopa 

IIojiyHeHHbie a6cTpaKTHbie pe3yjibTaTbi npiiMeHaiOTca k o6biKHOBeHHbiM flHCpcpepeHHiiajibHbiM 
onepaTop-cpyHKniiaM Ha kohghhom HHTepBajie. 



1. A6cTpaKTHbie yTBepjK^eHHii 

IlycTt Sj ecTb HeKOTopoe a6cTpaKTHoe rHjit6epTOBO npocTpaHCTBO, h nycTt F(\) ecTt 
a6cTpaKTHaa onepaTop-cpyHKipifl HHTepBajia (a, r) C R co cjieflyiomHMH CBOHCTBaMii . 

(1) ITpn jik)6om (pHKcnpoBaHHOM Ao € (a, r) onepaTop F(Xq) npeflCTaBjraeT co6oh 
fleftcTByromnii b npocTpaHCTBe Sj caMOConpHJKeHHbift onepaTop c KOMnaKTHofl 

pe30JIBBeHTOH. 

(2) ^jih jiio6oro cpHKCupoBaHHoro Ao G (cr, r) HaiiflyTCH Taxoe BemecTBeHHoe hhgjio ji h Taxasi 

OKpeCTHOCTB U (\q) <£= (d, t) HHCJia Ao, HTO npH JII060M CpHKCHpOBaHHOM Al G ^(Ao) 

onepaTop -F(Ai) — 6y,i];eT HeoTpnuaTejieH. 

(3) OnepaTop-cpyHKijHH (-F(A) — HenpeptiBHa Ha HHTepBajie (a, r) b CMbioie paBHOMepHoii 
onepaTopHOH Tonojiornn. 

KaK o6bihho, co6cmeeHHUM 3HaneHueM Kparrmocmu m onepaTop-cpyHKuiin F{\) 6yfleT 

Ha3bIBaTbCH TaKOe HHCJIO Ao £ (<J,t), flJIH KOTOpOrO HBJIHeTCH C()6CTBeHHBIM 3HaHeHHeM KpaTHOCTH 

m onepaTopa F(Ao)- KpoMe Toro, nepe3 Nf{£,i,£,2) SyfleT o6o3HaHaTbCH coonrraHHoe c yne-TOM 
KpaTHOCTH hhcjio co6cTBeHHbix 3HaHeHHit onepaTop-cpyHKirnH F(X), jiejKam,Hx Ha nojiynHTepBajie 
[6,6) (ff,r). 

06o3HaHHM TaKJKe nepe3 z^f(A) HHCJiOByio (pyHKiniio, ^jih KOTopoft npn jiio6om (pHKcnpoBaHHOM 
Ao G (a, r) hhcjio ^f(Ao) npeflCTaBjiHeT co6oii cocnnTaHHoe c yneTOM KpaTHOCTH hhcjio 
OTpHu;aTejibHbix co6cTBeHHbix 3HaHeHHit onepaTopa .F(Ao)- B HaeroHmeM nyHKTe 6yp,eT nccjieflOBaH 
Bonpoc o cbh3h MejK^y noBe^eHHeM cpyHKH,HH h noBefleHneM bc-jihhhh A/ir(^l) 

1.1. ripocTeiiiiiaH oijeHKa nncjia co6cTBeHHbix 3HaneHHH. CnpaBefljiHBO cjie,zryiomee 
yTBepjK^eHHe. 

Teopema 1. JJjih jik>6o20 nojiyunmepeajia [6,^2) (s (<J, r) UMeem Mecmo oi^enna 

■A/>(£i,6) ^f(6)-^f(6)- 

Pa6oTa noflflepasaHa POiQH, rpaHTbi JV? 01-01-00691 h 02-01-06464. 
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Hto6e.i ,a;0Ka3aTb TeopeMy ^ BBe^eM b paccMOTpemie cjie,nyionryio BcnoMoraTejiBHyio 
nocjie^OBaTejibHOCTB hhcjiobbix cpyHKUHH. 

OnPEflEJiEHHE 1. ¥e^e3 A m (A), m = 1, 2, . . ., 6ydym o6o3HaHambCH cpyHKi^uu manue, umo npu 
jik>6ux (fiuKcupoeaHHUx m S N u Ao € (a, t) hucjio A m (Ao) npedcmaejisiem co6ou m-oe cnu3y (c 
ynemoM Kpartmocmu) co6cmeeHHoe 3HaueHue onepamopa F(Xq)- 

Onpeflejiemie ^ KoppeKTHO, nocKOjiBKy onepaTopBi-SHaneHiiH onepaTop-cpyHKipiH -^(A) 
orpaHHneHBi CHH3y h HMeiOT hhcto flHCKpeTHBifi cneKTp. 

OcHOBHOe CBOHCTBO CpyHKHHH A m (A) COCTOHT b cjie^yiomeM • 

JIemma 1. IIpu jik>6om (fiuKcupoeaHHOM m G N <$)ynKb\un A m (A) nenpepuena na unmepeajie 
(*,t). 

,ZIOKA3ATEJlbCTBO. OneBH^HO, flOCTaTOHHO ,a;0Ka3aTB, hto npn jiio6om cpHKcnpoBaHHOM 
Aq £ (o~,t) (pyHKunsi A m (A) HenpepBiBHa Ha HeKOTopofi OKpecTHOCTH nncjia Ao- 

IlycTB Bem,ecTBeHHoe hhcjio /i n OKpecTHOCTB U(Xq) (s (<t, t) nncjia Ao TaKOBBi, hto npn 
jik)6om (pHKcnpoBaHHOM Ai € Z//(Ao) onepaTop ^(Ai) — /i hbjihctch nojio?KHTejiBHBiM. Taitne /i h 
W(Ao) cymecTByiOT no onpe^ejieHHio onepaTop-cpyHKinrn F(X). 06o3HaHHM nepe3 O m ,/z(A) nncjiOByio 
cpyHKinaio OKpecTHOCTH U(Xq), CTaBHmyro jno6oMy Ai S IA(Xq) b cooTBeTCTBne m-oe CBepxy (c yneTOM 
KpaTHOCTii) co6cTBeHHoe 3HaneHHe onepaTopa (F(Ai) — fi) . 

3aMeTHM TenepB, hto onepaTop-cpyHKnrra (F(X) — p)^ 1 HenpepBiBHa Ha OKpecTHOCTH U(Xq) 
b CMBicjie paBHOMepHOH onepaTopHoii TonojiornH — sto c OHeBn^HOCTBio cjie^yeT H3 onpe^ejieHnsi 
onepaTop-cpyHKHHH -F(A). IlosTOMy nncjiOBasi cpyHKunsi G miA1 (A) HenpepBiBHa Ha OKpecTHOCTH IA{Xq). 

OflHaKO HHCJIO /i BBl6paHO TclKEM o6pa30M, HTO CnpaBeflJIHBO TOJK^eCTBO 

IlosTOMy (pyHKu;HH A m (A) TaKJKe HenpepBiBHa Ha OKpecTHOCTH U(Xo). TeM caMBiM jieMMa flOKa3aHa. 

□ 

^OKA3ATEJlbCTBO TEOPEMbl m HenocpeflCTBeHHO H3 onpeflejieHHH (pyHKunn Up(X) 11 
cpyHKHiiii A m (A) cjie^yeT, hto He MeHee ^(£2) — u f{^i) (pyHKunn H3 nocjie^OBaTejiBHOCTH 
{A m (A)}^ =1 npnHHMaiOT HeoTpHii;aTejiBHoe 3HaHeHHe b TOHKe £1 n OTpnnaTejiBHoe — b tohkb £2- 
H3 yTBepjKflaeMoft jieMMofi ^ HenpepBiBHOCTH (pyHKH,nn A m (A) noTOMy cjie^yeT, hto He MeHee 
^(£2) — vf(£i) cpyHKunn H3 nocjie^OBaTejiBHOCTH {A m (A)}^ =1 HMeiOT HyjiB Ha nojiynHTepBajie 
[Cl)^)- yTBep^K^eHne TeopeMBi TenepB HeMe^JieHHO nojiynaeTCH H3 onpe^ejieHHii (pyHKH,nn A m (A) n 
onpeflejieHHii noHHTHa co6cTBeHHoro 3HaneHH5i onepaTop-cpyHKinrn -F(A). □ 

1.2. OlieHKH HHCJia CoGcTBeHHHX 3HaHeHHH npH BbinOJIHeHHH yCJIOBHH 
MOHOTOHHOCTH. EcjIH HajIOJKHTB Ha BH,!], OnepaTOp-(pyHKI];HH ^(A) flOnOJIHHTejIBHBie OrpaHHHeHHH, 
TO nOHBHTCJI B03MOJKHOCTB OUeHHTB BejIHHHHBI A/f(Cij^2) He TOJIBKO CHH3y, HO H CBepxy. IlpH 

cpopMyjinpoBKe cooTBeTCTByiomnx yTBepjKfleHHH 6y/i;eT ncnojiB30BaTBCH noHHTne 3aMUKaHUM 
neadpamuHHOu (fiopMU, onpe^ejieHHoe, HanpnMep, b [HJ rjiaBa VI]. 

TEOPEMA 2. Ilycmb onpedejieua (^opMa-^yHKi^un f(A)[y] co cjiedyn>ui,UMU ceoucmeaMU. 

• IIpu ak>6om ifiuKcupoeanHOM Ao € ((T,r) neadpamuHHasi (f>opMa f(Ao)[y] npedcmaejinem 
co6ou 3aMUKanue onpedejiennou na JiuneunoM nodnpocmpancmee D(F(Xo)) KeadpamuuHou 
<popMU {F(X )y,y)sj. 

• 06jiacm , b onpedejienun neadpamuHHOu (fiopMU f(Ao)[y] ne 3aeucum om eu6opa nucjia 
Ao € (c, r) . HucHce ama ne 3aeucnvj ) a.n, om eu6opa X$ € (a, r) o6jiacmb 6ydem o6o3HaHambCM 
npocmo nepe3 3(f). 
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• IIpu ak>6ux (fiuKcupoeannux Ai,A2 € (a, t), ydoeAemeopAtou^ux nepaeencmey \\ < X2, 
onpedeAennan na AuneunoM nodnpocmpancmee S?(f) Keadpamunnan (fjopMa 

f(Ai)[y]-f(A 2 )[y] 

HejinemcH noAOMcnmeAbnou. 
Tozda Bah ah>6ozo nojiyunmepeajia [£1,^2) <£ (o~, T ) UMeem Mecmo paeencmeo 

M F {tx,&) = Mt2)-MZi)- 

^OKa3aTejibCTBO TeopeMbi SyqeT ocHOBaHO Ha cjie,nyiomeM npiiBO^HMOM 6e3 flOKa3aTejibCTBa 
yTBepjK^eHHH, npe^CTaBjifliomeM co6oii npocToe cjie^CTBHe H3BecTHoro BapnauiiOHHoro npHHunna 
rjiaBa 1, TeopeMa 13 6ls ]. 

YTBEP^^EHHE 1. Ilycmb F ecmb ospanunennuu cmi3y caMoconpttmcennuu onepamop 
zujib6epmoea npocmpancmea $), cnenmp Komopozo nucmo ducKpemen na Jiyue (— 00, 0). Ilycmb 
f[y] ecmb 3aMUKanue onpedeAennou na AuneunoM nodnpocmpancmee 'S(F) Keadpamunnou qiopMU 
(Fy^)^. Tozda hucjio ompuu,ameAbnux co6cmeennux 3nauenuu onepamopa F paeno MaKCUMtjMy 
pa3Mepnocmeu nodnpocmpancme 9JT C £>(f), na Komopux Keadpamunnan (fjopMa f[y] ompuu,ameAbna. 

,HoKA3ATEJlbCTBO TEOPEMbl El 3 acpHKCiipyeM npoH3BOjibHoe hhcjio m G N, a TaKHce 
npoH3BOjibHbie HHCjia Ai,A2 € i°~, T ), yflOBjieTBopHiomHe HepaBeHCTBy Ai < A2. OneBHflHO, 
hto HaiifleTCH m-MepHoe no^npocTpaHCTBO 9Jt C D(F(Xi)), Ha kotopom KBaflpaTHHHaH cpopMa 
onepaTopa F(\\) — A m (Ai) 6y,a;eT HenojioJKHTejitHa. OflHaKO npn BBinojiHeHHH ycjiOBHH TeopeMti 
yKa3aHHoe noflnpoerpaHCTBO 971 SyneT noflnpoerpaHCTBOM o6jiacTH onpeflejieHHH KBaflpaTHHHoft 
(popMti f(A2)[y], npnneM KBaflpaTHHHaa (popMa f(A2)[y] — A m (Ai) • ||y||^ 6y^eT Ha no^npocTpaHCTBe 
971 OTpHu;aTejiBHa. H3 yTBep>K/];eHHH ^ TenepB HeMefljieHHO BBiTeKaeT cnpaBefljiHBOCTB HepaBeHCTBa 
A m (A 2 ) < A m (Ai). 

BBHfly npoH3BOJiBHOCTH BBi6opa HHceji m, Ai h A2, CKasaHHoe 03HaHaeT, hto Bee (pyHKi^HH A m (A) 
CTporo y6BiBaiOT Ha HHTepBajie (a, r). 

OflHaKO H3 HenpepBiBHOCTH h CTpororo y6BiBaHHH (pyHKu;HH A m (A) cjie^yeT, hto BejiHHHHa 
A/"f(^i,^2) b tohhocth paBHa nncjiy Taxnx (pyHKiniii H3 nocjie^OBaTejiBHOCTH {A m (A)}^ =1 , KOTopBie 
npHHHMaiOT HeoTpHu;aTejiBHoe 3HaneHHe b tohkb £1 h OTpnijaTejiBHoe — b tohkb £2 • IlocKOJiBKy hhcjio 
Taxnx (pyHKu;HH ecTB ^(£2) ~~ t0 yTBepjKfleHne TeopGMBi cnpaBeflJiHBO. □ 

1.3. OijeHKH HHCJia coSctbghhmx 3HaneHHH npn bhiiojihghhii ycjiOBHH 
OTpHii;aTejiBHOCTH Tnna cneKTpa. YcjioBHa TeopeMBi |21 mojkho b hckotopom CMBicjie ocjia6nTB. 
HivieHHO, cnpaBefljiHBO cneflyiomee yTBep>K/];eHHe. 

Teopema 3. Ilycmb onpedejienu tfiopMU-cfiynKi^uu f(A)[y] u f(A)[y] co CAedywu^UMU 
ceoucmeaMU. 

• IIpu ak>6om tfiuKcupoeannoM Xq € (er, r) Keadpamunnan (popMa f(Ao)[y] npedcmaoAAem 
co6ou 3aMunanue onpedeAennou na AuneunoM nodnpocmpancmee D(F(Xo)) Keadpamunnou 
<popMU {F(X )y,y)sj. 

• 06Aacmb onpedeAenuA Keadpamunnou (fiopMU f(Ao)[y] ne 3aeucum om eu6opa hucao 
Ao € (cr, r) . HucHce ama ne 3aeucAUifl,n om eu6opa Xq € (a, r) o6Aacmb 6ydem o6o3naHambcn 
npocmo nepe3 3(f). 

• IIpu ak>6om cf)UKCupoeannoM Xq G (<t, t) o6Aacmbto onpedeAenuM Keadpamunnou (fiopMU 
f(Ao)[y] M6AMemcH Auneunoe nodnpocmpancmeo D (f) . 

• Keadpamuunue (fiopMU f(A)[y] paenoMepno no X € (a, r) ozpanunenu omnocumeAbno 
npou360Abnou MempuKU, no Komopou 3)(f) noAno. 

• IIpu ak>6om (puKcupoeannoM yo G £>(f) nucAoean aSynKv^un f(A)[yo] ducfjcfjepeni^upyeMa na 
unmepeaAe (a, t), u npou3eodnan smou QiynKuuu ecmb nucAoean aiynKi^un f'(A)[yo]- 
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• JJam ak>6ou co6cmeeHHOu napu {Ao,yo} onepamop-$yHKV ) uu F(X) cnpaeedjiueo 
Hepaeencmeo f(Ao)[yo] < 0. 

Tozda djisi jik>6ozo nojiyunmepeajia [^1,^2) <£ {°~i T ) cnpaeedjiueo paeeucmeo 

A/>(£i,6)=M6)-M£i). 

Otmcthm, hto co^epjKaHHe TeopeMbi 03 tccho CBH3aHO c H3BecTHt.iM b TeopnH onepaTopHtix 
nyHKOB noHHTieM muna co6cmeeHHOgo 3HaneHUH. 

^OKA3ATEJlbCTBO TEOPEMbl 03 IlycTB m G N h Ao € (<J, r) — npoH3BOJibHBie HHCJia, ^jih 
kotopbix cnpaBefljiHBO paBeHCTBO A m (Ao) = 0. 

BBe^eM b jihh6hhom npocTpaHCTBe S(f) HopMy 

Ill/Ill : = f(Ao)[y] -n - \\y\\%, 
r^e ji ecTb npoii3BOjibHO cpHKCiipoBaHHoe BemecTBeHHoe hhcjio, CTporo MeHbinee BepniHHti cpopMbi 

f(Ao)[y]. OTHOCHT&JIbHO HOpMBI \\y\\$ JIHHeflHOe nOflnpOCTpaHCTBO S)(f) HBJIHeTCH rHJIb6epTOBbIM 

npocTpaHCTBOM, KOTopoe hhjkb 6yppT o6o3HaHaTBCii nepe3 J. 

PaccMOTpiiM onepaTop-cpyHKHiiio K(X), rjisi KOTopoft npii jiio6om cpHKcnpoBaHHOM Ai € 
onepaTop K(X\) ^eiicTByeT b riuib6epTOBOM npocTpaHCTBe 5 H yflOBjieTBopsieT TOJK^ecTBy 

((l + K(X 1 ))y,y) 3 = f(X 1 )\y]. 

H3 TeopeMbi o 3aMKHyTOM rpacpHKe (cm., HanpnMep, [HI rjiaBa III, TeopeMa 5.20]) HeTpy^HO bbibccth 

TOT CpaKT, HTO 3HaieHH3MH OnepaTOp-CpyHKHFIH K(X) HBJIHKJTCH orpaHHneHHbie CaMOCOnpHJKeHHbie 

onepaTopbi. KpoMe Toro, H3 onpeflejieHHH HopMbi \\y\\g h KOMnaKTHOCTH pe30jibBeHTbi onepaTopa 
F(Xq) BbiTeKaeT (paKT KOMnaKTHOCTH onepaTopa K(Xo). 

3aMeTHM, hto onepaTop-cpyHKHHH K(X) hbjihctch flHcpc^epeHipipyeMOH, npnneM ee npoii3BO,a;Hafl 
K (A) yflOBjieTBopaeT TOHc^ecTBy 

(K'(X)y,y)x = f'(X)[y}. 

3aMeTHM TaKJKe, hto onepaTopbi-3HaHeHH5i onepaTop-cpyHKiriiH K'(X) paBHOMepHO no A € (c,t) 
orpaHHHe-Hbi b cnjiy ycjiOBHii TeopeMbi. 

Pa3Jio>KHM Tenepb npocTpaHCTBO 5" b npsiMyio cyMMy 3- © $o © 3+ , r fl e 

• 5- ecTb HHBapnaHTHoe no/rnpoerpaHCTBO onepaTopa K(Xq), OTBenaiomee toh nacTH ero 
cneKTpa, KOTopaa jie>KHT Ha Jiyne (—00, —1); 

• 5o ecTb HHBapnaHTHoe no^npocTpaHCTBO onepaTopa K(Xq), OTBenaiomee co6cTBeHHOMy 
3HaneHHio —1; 

• 5+ ecTb HHBapnaHTHoe no/nipocTpaHCTBO onepaTopa K(Xq), OTBenaiomee toh nacTH ero 
cneKTpa, KOTopaa jieacHT Ha jiyne (— l,+oo). 

Ife KOMnaKTHOCTH onepaTopa K(Xq) cjie^yeT cymecTBOBamie TaKoro e > 0, /yifl KOToporo Ha 
no^npocTpaHCTBe 3- Sy^eT cnpaBe^jiHBa oueHKa 

(1) (K(X )y,y)z^(-l-e)\\y\\l, 
a Ha noflnpoerpaHCTBe 3+ 6yp,eT cnpaBefljiHBa oueHKa 

(2) (K(X )y,y)^(-l + s)\\y\\l. 

OflHaKO H3 ycjiOBHii TeopeMbi h H3 nepBoft TeopeMbi o npeflCTaBjieHHH (cm. [HI rjiaBa VI, 
TeopeMa 2.1]) cjie/ryeT, hto j\jisi Jiio6oro HeHyjieBoro BeKTopa y € 5o BbinojiHaeTCH HepaBeHCTBO 

(K'(X )y,yh<0. 

IIosTOMy oueHica (£Q) 03HaHaeT, hto HaiifleTCH npaBan npoKOJiOTasi nojiyoKpecTHOCTb Z^ n p(Ao) <e (o">t) 
tohkh Ao Taxasi, hto fljiH jiio6oro Ai € ^np(Ao) KBaflpaTHHHasi cpopMa onepaTopa 
1 + K(Xi) 6yfleT OTpimaTejibHa Ha no^npocTpaHCTBe J- © 5o- AHajiornnHO, H3 ou;eHKH h 
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paBHOMepHoft orpaHHHeHHOCTH onepaTop-cpyHKHHH K'{X) cjie^yeT, hto HaftfleTCH jieBaH npoKOJiOTaH 
nojiyoKpecTHOCTt Wn eB (Ao) <s (o~, T ) tohkh Ao TaKaa, hto rjih jiio6oro Ai G W JI e B (Ao) KBaflpaTHHHaa 
(popMa onepaTopa 1 + K(Xi) 6yp,eT nojiojKHTejiBHa Ha nc-flnpocTpaHCTBe #0 © ■&+■ 

3aMeTHM Tenepb, hto no/nipocTpaHCTBO J_ © HMeeT pa3MepHOCTB ^ m. IlosTOMy H3 
onpeflejieHHH onepaTop-cpyHKHHH K(X) h yTBepjKfleHHH ^ cjie/ryeT, hto npii jiio6om Ai G W n p(Ao) 
cnpaBefljiHBO HepaBeHCTBO A m (Ai) < 0. AHajiorirmo, nc-flnpocTpaHCTBO 5o © 3+ HMeeT 
Kopa3MepHOCTB < m. IlosTOMy npii jiio6om Ai G Z//n eB (Ao) cnpaBefljiHBO HepaBeHCTBO A m (Ai) ^ 0. 

HTaK, nojiyneH cjieflyiomHH pe3yjiBTaT: KaKoeu 6u uu 6ujiu m G N u Xq G (<t, t), 
ydoejiemeopfimmue paeeucmey A m (Ao) = 0, (f>yuKU,UH A m (A) ueompuup,meAbua e ueKomopou Jieeoil 
noAyonpecmuocmu moHKU Xq u ompuuftmeAbua e ueKomopou npoKOAomou npaeou nojiyoKpecmHocmu 
mouKu Ao- IlocKOjibKy jiio6aH 113 cpyHKHHH A m (A) HenpepBiBHa b cnjiy jicmmbi^ to stot pe3yjiBTaT 
03HanaeT, hto jiio6aH H3 cpymcipiH A m (A) CTporo y6BmaeT b KaacflOM H3 cbohx Hyjieft. OTCiofla, b 
cbok) onepeflb, cjie^yeT, hto KajK^aa H3 cpyHKiniH A TO (A) HMeeT He 6ojiee o^Horo Hyjia, cjieBa ot 
KOToporo OHa npHHHMaeT tojibko nojio jKHTejiBHBie , a cnpaBa — tojibko OTpHuaTejiBHBie 3HaneHHH. 

IloBTopHH TenepB paccyjKfleHHH, 3aBepmaiomHe ^OKasaTejiBCTBO TeopeMBi y6e?KflaeMCH b 
cnpaBefljiHBOCTH yTBepjK^eHHH TeopeMBi. □ 

2. IIpHMeHeHHe k ,a;H(p(pepeHLi;HajiijHi>iM onepaTop-cpyHKijHHM 

PaccMOTpHM Tenept. onepaTop-cpyHKHHH, onncBiBaeMBie cjie/ryioiHHM onpeflejieHneM. 

OnPEflEJiEHHE 2. Ilycmb pk(x,X), k = 0, ... ,n, ecmb uenpepueuue eemficmeeuuue (pyuKuuu 
npMMoysoAbHuna [a, b] x (a, r) . Ilycmb npu amoM 3am ak>6oso cfiuKcupoeauuoso Ao G (a, r) ipyuKuiisi 
Po(x, Ao) noAocucumeAbna u npuHadAecucum npocmpaucmey C n [a,b], a Ato6asi U3 cfiyuKu.uu pk(x, Ao), 
k = 1, . . . , n — 1, npuuadAeotcum npocmpaucmey C n ~ k [a, b]. Ilycmb, daAcc, U(X) ecmb uenpepueuan 
Mampuufl.-fyyuKu.usi uumepeaAa (a, r), 3ho,hchummu nomopou neAUKtmcn yuumapuue KOMnAencuue 
Mampuu,u pa3Mepa 2n x 2n. Tozda onepamop-cfiyuKi^ueu, onpedeAeuuou ducfxfiepeuu.uaAbuuM 
eupamceHueM 

Pk (x,\)y {n - k) (x)) 

k=0 

u KpaeeuMU ycAoeiiMMU 

(4) (U(X)-l)y v + i(U(X) + l)y A = 0, 

Ha3ueaemcM onepamop-cjyyHKi^usi 5(A) co CAedyminuMU ceoucmeajuu. 

• IIpu aw6om (fiuKcupoeaHHOM Xq G (a, t) onepamop S(Xq) deucmeyem e 2UAb6epmoeoM 
npocmpaucmee L2[a, b] . 

• IIpu aw6om ifiuKcupoeaHHOM Xq G (ct, t) o6AacmbK) onpedeAeuuM onepamopa S'(Ao) 
HeAHemcH nAomnoe e 2UAb6epmoeoM npocmpaucmee L2[a,b] Auueuuoe nodnpocmpaucmeo 

{y G L 2 [a, b)\ye W^ n [a, b], (U(X ) - l)y v + i(U(X ) + l)y A = 0} , 

sde y A u y v ecmb cemauuue c (pyunt^ueu y{x) eenmopu npocmpaucmea C 2n euda 





( y(a) \ 
y ! {a) 




( y [2n - 1] (a) 
y^ n - 2 Xa) 


y A ■■= 


J/ (n_1 )(a) 

yib) 
y'(b) 


y y --= 


yW(a) 




W n - 1] (b)) 




V -y [n] (b) 
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(cp. c [HI (7.50)]/ 3decb nepe.3 y^ n+m \x) o6o3naneHU xopomo meecmnue e meopuu 
du(fkf>epeHii,uajibHux onepamopoe Kea3unpou3eodnue euda 

m i i \ 

p k (x,X )y^- k Hx)) , m = 0,...,n 

k=0 

(cp. c [H § 15, (3)] u m (7-46)];. 
• TIpu jik>6om ifmncupoeaHHOM Ao € (a, r) deucmeue onepamopa S(Xo) na npomeoAbHyw 
ifiyHKi^uw y £ Q(S(\q)) onpedeAMemcM paeencmeoM 

p k (x,\o)y {n - k) {x)) 

k=0 

HacTOHii],HH nyHKT nocBHmaeTCH npiiMeHemiio TeopeM ^HsU K onepaTop-cpyHKi^HHM S(X), 
onncbmaeMbiM onpeflejiemieM [21 

2.1. Cbohctbs flH(p(pepeHii;HajiBHi>ix onepaTop-(pyHKij;HH. OnepaTop-cpyHKipoi, 
onncbiBaeMfcie onpeflejieroieM [2J o6jiaflaiOT oieflyromnMH CBOHCTBaMH. 

JIemma 2. Tlycrab A{X) ecmb Mampui^a-gyynKi^UM, 3nanenue nomopou npu ah>6o.m Ao € (o~,t) 
ydoeAemeopnem paeencmey 



(5) 



3decb U(Xq) ecmb ynumapnan Mampuufl U3 onpedeAfiwwux onepamop <S(Ao) Kpaeeux ycAoeuu, a V 
ecmb noAoofcumejibHO opuenmupoeannuu Konmyp, enympennocmb Komopozo ne codepotcum mouny 
1, no codepotcum ece omAuunue om 1 co6cmeennue 3nanenusi Mampuu ) u U(Xq). Tozda npu aw6om 
(fiuKcupoeauHOM Aq € (a, r) Bah ak>6ou diynKU,uu y € T>(S(Xo)) cnpaeedAueo paeencmeo 



n b 



(6) (S(X )y,y)L 2 [a,b]=Yl I Pk(x,Xo)\y [n - k) (x)\ 2 dx + (A(X )y A ,y A ) c ^- 

k=o{ 

JlEMMA 3. Uycmb Mampuu,a-djyHKU,UH U(X) maKoea, umo uucAoean djyHKU,UH rank(t/(A) — 1) 
nocmoMHua na uumepeaAe (a, r). Tozda 3am ak>6ozo (fiuKcupoeannoso Xq € (a, r) Handymen 
maKoe eem,ecmeennoe hucao fx u manan OKpecmnocmb U(Xq) (<= (a, r) hucao, Xq, umo npu ah>6om 
(fiuKcupoeaHHOM Ai £ U(Xq) onepamop 5(Ai) — fi 6ydem neompuu^ameAen. 

JlEMMA 4. Onepamop- d^ynKuun (S(X) — i)^ 1 nenpepuena na unmepeaAe (a, r) e cmucac 
paenoMepnou onepamopnou monoAozuu. 

JIemma 5. IIpu ak>6om ifiuKcupoeannoM Ao £ (<t, r) 3aMUKa,HU6M onpedeAennou na AuneunoM 
nodnpocmpancmee ^(S^Ao)) Keadpamunnou djopMU (S(Xo)y, y)L2[a,b] neAnemcn Keadpamunnasi 
djopMa s(Xo)[y], odAacmbto onpedeAenun Komopou neAnemcn Auneunoe nodnpocmpancmeo 

{y € L 2 [a, b]\ye W 2 n [a, b], y A 1 ker(C/(A ) - 1) } , 

u 3Hauenue Komopou na npou360Abnou gjynKi^uu y £ D(s) onpedeAnemcn paeencmeoM 

n b 2 

s(A )[y] :=J2 f Ph{x, A ) \y {n ~ k) (x)\* dx + (A(X )y A ,y A ) c2n . 



OD,EHKH HHCJIA COBCTBEHHBIX 3HAHEHHH OnEPATOP-OyHKD,HH 7 

^OKASATEJlbCTBO JlEMMbl [3 Ilpn noMomii HHTerpnpoBaHHH no nacTHM HeTpy^HO yeraHOBHTB 
cnpaBefljiHBOCTt TOJKflecTBa 

n 6 

(S(X )y,y) L2[a)b] = Yj Pk( x , X o) y {n ~ k) {x) dx + (y v ,y A ) c2n . 
k=o { 

IlosTOMy jieMMa 6y,neT ,a;0Ka3aHa, ecjni 6y,neT ycTaHOB jtgho , hto rjih jik)6bix BeKTopoB Y, Z 6 C 2n , 
yflOBjieTBopsHon],Hx yoiOBHio 

(7) (tr(Ao)-l)Z + i(i7(Ao) + l)r = 0, 

BBinOJIHHeTCH paBeHCTBO 

(8) (z,y) c2 n = (^(A )y,y) c2 „. 

3aMeTHM, hto ycjiOBne JZJ mojkho nepenncaTb b napaMeTpiiHecKoft cpopMe 

Y = (f/(A ) - 1)X, 

(9) Z = -i(U(X ) + 1)X, 

X G C 2n . 

Ilpn 3tom jieBaa nacTB npeflnojiaraeMoro paBeHCTBa JHJ) OKa3bmaeTCH paBHa CKajiapHOMy 
npoH3Be,i];eHHio 

(B(\ )X,X) C 2n, 

r^e nepe3 -B(Ao) o6o3HaHeHa MaTpima 

B(Ao) := -i (U-\\ ) - 1) • (U(X ) + l)==±-j (z' 1 - 1) • (z + 1) • (£/(A ) - z)" 1 <fe. 

3flecB Ti ecTB nojiojKiiTejibHO opiieHTiipoBaHHafl rpamma KOjibua {z E C | \z\ € (1 — e, 1 + e)}. C 
flpyrof! ctopohbi, npaBaa nacTb npeflnojiaraeMoro paBeHCTBa (JH$ OKa3BiBaeTca paBHa racajiapHOMy 
npoH3Be,i];eHHio 

(C(Xo)X, X) C 2n, 

r^e nepe3 C(Ao) o6o3HaHeHa MaTpima 

C(A ) := ^ /" (z- 1 - 1) • (z + 1) • (C/(A ) - z)- 1 dz. 

T 

3flect r ecTt KOHTyp 113 onpeflejieHHH MaTpimti A(Xq). 

MejKfly TeM, (pyHKUHH —i(z~ l — l)(z + 1) o6pamaeTC5i b Hyjib b tohkc z = 1, a MaTpima t/(Ao) 
3aBe,i];oMO He HMeeT npncoeflHHeHHbix BeKTopoB, OTBenaionrHx co6cTBeHHOMy 3HaHeHiiio 1. IlosTOMy 
MaTpiiirBi -B(Ao) h C(Ao) paBHbi. Cjie^OBaTejitHO, npii BbinojiHeHiiii ycjiOBira JJJ) paBeHCTBO (jHJ 
^eftcTBHTejibHO cnpaBefljiHBO. TeM caMbiM jieMMa flOKa3aHa. □ 

^OKA3ATEJibCTBO JiEMMbi 03 3 acpHKCHpyeM BemecTBeHHoe hhcjio \x teikhm o6pa30M, hto 
onpeflejieHHasi b npocTpaHCTBe Wffa, b] orparoiHeHHaH KBaflpaTHHHasi cpopMa 

n b b 

SXoAv] : =/Z J Pk{x,\o) y {n ' k \x) 2 dx - J fi ■ \y(x)\ 2 dx + + (A{X )y A ,y A ) C 2n 

fc=0 a a 
HBJIHeTCH paBHOMepHO IIOJIOJKIlTejIbHOH. 
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3aMeTHM, hto npn BbinojiHeHnn ycjiOBira rank([/(A) — 1) = const MaTpHija-cpyHKijHH ^4(A) 
HBjiaeTCH HenpepbiBHofi Ha HHTepBajie (a, r). IlosTOMy pjisi nnceji Ai, flocTaTOHHO 6jih3khx k Ao, 

pa3HOCTB MeaCfly KBa^paTHHHOH CpOpMOH SA ,A»[y] H KBaflpaTHHHOH (pOpMOH 

n b 2 b 

»\x,M'=Y^ / Pfc(x,Ai)|y( n - fc )(x)| dx- fi ■ \y(x)\ 2 dx + + (^(Ai)y A , y A ) C 2„ 
a— o 

6y^eT paBHOMepHO Majia (no MeTpnice npocTpaHCTBa W^fo, 6]). Cjie^OBaTejibHO, HaftfleTCH TaKaa 
OKpecTHOCTb 14(Xq) <e (c, t) HHCjia Ao, hto fljia jno6oro cpHKcnpoBaHHoro Ai G 14{Xq) KBaflpaTnnHaa 
(popMa SAi,/Lt[y] 6y,a,eT HeoTpiinaTejibHa. 

OflHaKO H3 jieMMbi [21 c oneBH^HOCTBio cjie^yeT, hto HeoTpnn;aTejibHOCTb KBa^paTHnHon cpopMbi 
s Ai,At[?/] BjieneT 3a co6oii HeoTpnijaTejibHOCTb onepaTopa S{X\) — \i (o6paTHoe, Boo6me roBopa, 
HeBepHo). 3HaHHT, paHee onpeflejieHHbie hhcjio h OKpecTHOCTb 14(Xq) o6jia,i];aiOT TeM cbohctbom, 
hto fljisi JiK)6oro (pHKcnpoBaHHoro Ai € 14 (Xq) onepaTop S(Xi) — fi hbjihctch HeoTpnn;aTejibHbiM. TeM 
caMbiM yTBepjKfleHne JieMMbi cnpaBe^jniBO. □ 

,ZIOKA3ATEJlbCTBO JIEMMH 01 PaccMOTpnM onpeflejieHHyio Ha napajijiejieminefle 
[a, b] x [a, b] x (er, r) (pymcnino G(x,t,X), fljia KOTopoii npn jik>6om (pHKcnpoBaHHOM Ao € (c, t) 
(pyHKu;HH G(x,t,Xo) npeflCTaBjiaeT co6oii (pymcipno TpHHa onepaTopa S*(Ao) — i. HeTpyflHO 
npoBepHTb, hto HenpepbiBHOCTb (pyHKinift Pk(x, A) h f7(A) npHBO^HT k TOMy, hto (pyHKnna 
G(x, t, A) HenpepbiBHa Ha napajijiejiennnefle [a, b] x [a, b] x (er, r). OTCiofla c oneBHflHOCTbio BbiTeicaeT 
cnpaBefljiHBOCTb yTBepjKfleHHH jieMMti. □ 

,ZTpKA3ATEJlbCTBO JlEMMbl CnpaBefljiHBOCTb yTBepjK^eHHH jj;oKa3biBaeMOH JieMMbi 
HeTpy,a;HO BbiBecTH H3 jieMMbi [21 n bo3mojkhocth 3anHCH ycjiOBHH Q B (popMe • D 

2.2. Oii;eHKH nncjia coScTBeHHMx 3Ha.HeHHH. H3 jieMM [2HH] n TeopeM H^IHl BbiTexaeT 
cnpaBeflJiHBOCTb cjieflyiomnx yTBep^Kfleroiii. 

Teopema 4. IJycmb Mampuv ) a-d)yHK'u ) un U(X) manoea, nmo hucaogom <pyHKU i UH rank(C/(A) — 1) 
nocmoMHHa na unmepeaAe (a, r). Tozda djin jik>6ozo nojiyunmepecuia [^1,^2) <£ (o"; T ) UMeem Mecmo 
oiycHKa 

(10) ^ - fs(&). 

Teopema 5. Ilycmb eunojmenu cjiedywvuue ycjioeusi. 

• IIodnpocmpaHcmeo ker (J7(Ao) — 1) ue 3aeucum om eu6opa hucjicl Ao € (^j 7 ")- 

• TTpu jih)6om diuKcupoeauHOM x € [a, b] diyHKi^uu Pk(x,X), k = 0, . . . , n — 1, Heeo3pacman>m 
no X. Kpojue moso, npu jik>6om cfiuitcupoeaHHOM x € [a, 6] dhyHKU,un p n (x,X) cmposo 
y6ueaem no X. 

• OmeeuawmaH Mampui^e-diynKi^uu U(X) Mampui^a-dyynKi^UM A(X) (cm. JieMMy 
Heeo3pacmaem no X e moM CMUCJie, umo npu jik>6ux cfiuncupoeaHHUX Ai,A2 G {&-> T ), 
ydoejiemeopsitovj^ux nepaeencmey X\ < X2, caMOConpHCHcennaM Mampuup, A(Ai) — A{X?) 
HGAHemcM Heompm^ame/ibHou. 

Tozda djiH jih)6ozo nojiyunmepeajia [£1,^2) <s { (J ^ T ) UMeem Mecmo paeeucmeo 

TEOPEMA 6. IIycmt> eunojinenu cjiedytovnue ycjioeun. 

• IIodnpocmpaHcmeo ker([/(Ao) — 1) ne 3aeucum om eu6opa uuc/ia Ao € (cr, r). 

• 0yHKV i uu pk(x,X), k = 0, ...,n, nejinmmcn dudxfiepemiupyeMUMU no napaMempy X, 
npuneM ece npou3eodnue {pk(x, X)}' x nenpepuenu na npnMoyzojibnuKe [a, 6] x (a, r). 

• Mampuua-QiyHKVitUtt U(X) nejinemcH uenpepueno dudidiepeHuupyeMou. 
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• JJah jik>6ou co6cmeeHHOu napu {Ao,yo} onepamop-cfiyHKi^uu 5(A) UMeem Mecmo 
Hepaeencmeo 



B KanecTBe cjieflCTBiiii TeopeM 01-0 MoryT 6t>iTb nojiyneHHi HeKOTopue n3BecTHbie oi^ghkh Hiicjia 
co6cTBeHHt.ix 3HaHeHHH flH(p(pepeHij;HajiE.Hbix onepaTop-(pyHKij;HH — b HacTHoerii, oi^ghkh, CBH3aHHt.ie 
c pe3yjibTaTaMH pa6oT [2] h [4]. 

Abtop BbipajKaeT npH3HaTejiBH0CTb npocp. A. A. IIlKajiiiKOBy 3a nocTaHOBKy 3aflaH h ijeHHbie 
3aMeHaHHH. 
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Tozda djiH jih)6ozo nojiyunmepeajia [£1,^2) <£ {°~i T ) UMeem Mecmo paeeucmeo 

A^(6,6) = Mb) -Mb)- 



CnncoK jiHTepaTypti 



